developed a decomposition of the Gini coefficient by income source that has been extensively used in the literature. This method has strong limitations in the presence of negative incomes, which were not discussed by the original authors and have been widely overlooked in successive studies. Through theoretical argumentation and practical examples, this article shows that, when using negative incomes, (1) the original decomposition formulae become inappropriate, (2) the marginal effects analysis may yield erroneous results and (3) the Pigou-Dalton "principle of transfers" is not always met. This has critical implications for policy development, given that strategies based upon incorrect analyses could actually result in undesired greater income inequalities. The Gini source decomposition should be carefully applied by researchers and policymakers, especially in rural developing areas, where negative incomes are common due to financial losses from agricultural activities.
I. Introduction
demonstrated that the Gini coefficient can be calculated as: 
where:
y= (y1,…,yn) is the income of n individuals ranked so that the yk are in nondecreasing order (j< k implies yj < yk) ̅ is the mean income F(y) is the cumulative distribution of total income in the sample, i.e.
F(y)=[f(y1),…f(yn)]
, where f(yk) is equal to the rank of yk divided by the number of observations (n).
Based on this formulation, the authors developed the following decomposition of the Gini coefficient by source:
where Rk is the "Gini correlation" between income component k and total income, Gk is the relative Gini of component k, and Sk is component k's share of total income.
This method for decomposing the Gini coefficient has strong limitations in the presence of negative incomes. However, they were not discussed by the original authors despite their results suggesting the existence of negative incomes in their dataset ("Head Self-Employment" Gini >1). Furthermore, constrains imposed by negative incomes have been overlooked by several successive studies applying Lerman and Yitzhaki's Gini decomposition technique (Lopez-Feldman, Mora, and Taylor 2007 , Adams 2001 , Möllers and Buchenrieder 2011 . In an attempt to preserve the integrity of the Gini decomposition method, Mussini (2013) , excludes negatives incomes to ensure normalization, while Mussard and Richard (2012) indicate that incomes must be nonnegative, otherwise, most formulae become inappropriate. Still, these studies do not explain the underlying reasons why such restrictions exist nor discuss the consequences of (mis)using negative incomes in the Gini decomposition.
Negative incomes arise when the expenses derived from an economic activity (e.g. business or self-employment) exceed the earnings. Correctly accounting for negative incomes is particularly critical within the context of rural welfare economics, as it is common for agricultural businesses to record losses (Allanson 2005) . Moreover, households experiencing negative incomes tend to be the most affected by poverty and inequality, hence, they represent a key (bottom) part of the income distribution (Rawal, Swaminathan, and Dhar 2008) .
II. Theoretical explanation

Limitations defined in original formulae
The results shown by Lerman and Yitzhaki (1985) extend derivations from previous work by Kakwani (1977) and Shorrocks (1982) . While Lerman and Yitzhaki (1985) do not discuss the case of negative incomes, restrictions imposed in such cases can be found in the original formulae. Kakwani (1977) proposed an "income inequality decomposition by factor components" that:
where µi is the mean of the ith factor income of all individuals and Cgi is the "concentration index" of the mean ith factor income gi(x). Cg is obtained by integrating a certain function F1 [g(x) ], where is income. All functions of income used by Kakwani (1977), including F1[g(x) ], are only defined for the interval ∈ [0, ∞), thus excluding negative incomes (x<0).
The decomposition technique developed by Shorrocks (1982) is based on a first assumption that, given income , inequality is measured by a function ( ) that is continuous and symmetric. This assumption is not always satisfied by the Gini coefficient when using negative incomes. In the specific case when the sum of incomes is equal to zero, the mean is also zero and thus, ̅=0 in the denominator of formula (1) causes a discontinuity in function G.
The sources' marginal effects
Following their newly proposed Gini decomposition, Lerman and Yitzhaki (1985) formulated a method to understand how changes in a particular source would affect overall income inequality. Starting from (2), the technique consists of calculating the partial derivative of the overall Gini (G) with respect to a percentage change (e) in the source k and then dividing by G to obtain the source's marginal effect:
Again, this application of the Gini decomposition by source cannot be generalised in the presence of negative incomes. This is because, as a result of negative incomes, the Gini coefficient is no longer bounded within the [0,1] interval, which means there is no common scale of comparison. In fact, when using negative incomes, the Gini coefficient cannot be used to compare inequalities across populations or time because a larger (or smaller) value does not necessary indicate a greater (or lower) level of inequality. Consequently, a positive (or negative) derivative cannot be directly interpreted as an increase (or decrease) of the level of inequality.
Pigou-Dalton "principle of transfers".
Another limitation of the Gini coefficient when including negative incomes is that it not always meets the Pigou-Dalton "principle of transfers". This principle requires that any mean-preserving progressive transfer (a transfer of income from a richer to a poorer individual) lowers the value of the inequality index, or, equivalent, any mean-preserving regressive transfer (from a poorer to a richer individual) increases the measure of inequality (Shorrocks and Foster 1987) . In particular, the Pigou-Dalton "principle of transfers" is violated when the sum of incomes (and thus, the mean) is negative.
According to equation (1), any income transfer that preserves ̅ and lowers G should result in a decrease of Cov (y,F(y) ) and vice-versa. When the mean is positive, this principle is verified, yet when the mean is negative, a reduction of the covariance would yield a larger Gini (although smaller in absolute value). In fact, the negative sign of ̅ would turn a decrease of the covariance into an increase of G (and vice-versa), given than the covariance is always nonnegative. In Lerman and Yitzhaki's (1985) formulation, incomes yk are ranked in nondecreasing order, and therefore, their ranks f(yk) must also be nondecreasing. Since y and F(y) move in the same direction (are positively related) their covariance must be nonnegative.
The violation of the "principle of transfers" by the Gini coefficient when the mean income is negative can be mathematically proven as follows:
and, by definition in equation (1):
Using expressions (1), (5) and (6), G can be re-written as:
Given y and F(y), the Gini coefficient would meet the "principle of transfers" if any mean-preserving progressive transfer (resulting in y' and F(y')), would verify that:
When ̅<0, following equations (7) and (8), G and G' should verify:
Applying (6), the relationship between the covariances is such that:
A mean-preserving transfer means that ̅ = ′ ̅ . Hence, dividing (10) by ̅ and ̅′ and multiplying by 2, we obtain:
Using the expression of G given in (7) and applying it to (11) results in:
which contradicts the requirement of the Pigou-Dalton "principle of transfers" given in (9).
III. Practical examples
Based on the theoretical considerations explained above, the purpose of this section is to provide practical examples of cases when the use of negative incomes is incompatible with Lerman and Yitzhaki's (1985) Gini decomposition technique.
The marginal effects of income sources
Assuming a population of ten individuals who receive their incomes from three different sources, A, B and C, the marginal effects (% Change) of each source are calculated using equation (4) (see Table 1 ).
The first inconsistency arises when examining the marginal effect of source B. The only impact of this source consists of increasing the income of the top earner (y10 =10), while leaving the other nine unchanged. Making the richest individual even richer naturally widens the income gap, meaning that source B has an inequalityincreasing effect. Nonetheless, its marginal effect is negative (-0.97), which should only result from an inequality-decreasing source.
The second questionable result regards the sources' shares of total income. For source A, SA=1.00, which would indicate that 100% of the population's income comes from source A. However, this is not the case, as certain individuals also receive incomes from B and C. Moreover, B has a share of total income larger than one (SB=1.25), while C's share is smaller than zero (SC=-1.25). Although it is mathematically possible (and simple) to obtain such results, shares outside the [0,1] range pose a conceptual problem. By definition, a share is a portion of the total; therefore, it makes little sense for a share to be larger than the total or smaller than zero. An example illustrating the violation of the Pigou-Dalton "principle of transfers" is shown in Table 2 . Scenarios A, B and C represent the income distributions of ten individuals. The only difference between the three distributions are the incomes of the top (y10) and bottom (y1) earners. Scenario B represents a mean-preserving progressive transfer of two units of income from the richest individual (y10) to the poorest (y1). Theoretically, this should reduce the level of inequality (G>G'), yet the Gini coefficient of B is larger than that of A (GA<GB), although smaller in absolute value (|GA|>|GB|). Symmetrically, scenario C illustrates a regressive transfer from a poorer to a richer individual that, however, yields a lower measure of inequality (GA>GC). 
IV. Implications
The restrictions imposed by negative incomes in the Gini decomposition by source formulated by Lerman and Yitzhaki (1985) have important implications. First, from a theoretical standpoint, it is inadequate to apply this method without discussing and verifying whether the data violates or not the basic principles of the Gini coefficient and its decomposition. Second, from a practical perspective, the misuse of the marginal effects and income transfer analysis can lead to erroneous conclusions. In the instance when an inequality-reducing policy is desired, the complete opposite effect could result if the intervention was inadvertently based on the wrong understanding of the Gini coefficient's (positive or negative) variation. Researchers and policymakers should carefully take into consideration these limitations and consequences, particularly in rural developing areas where income losses due to farming activities are commonplace.
It is recommended that further research in this area investigates whether existing Gini coefficient adjustment techniques, such as Chen, Tsaur, and Rhai's (1982) normalization, could be used to overcome the restrictions imposed by negative incomes in the Gini decomposition. If an adequate correction cannot be found, it would be highly beneficial to develop a new method to compute the Gini coefficient and its decomposition by source that could be applied in all cases when negative incomes exist.
